Abstract. In this paper our main result states that there exist exactly three combinatorially distinct centrally-symmetric 12-vertex-triangulations of the product of two 2-spheres with a cyclic symmetry. We also compute the automorphism groups of the triangulations. These instances suggest that there is a triangulation of S 2 × S 2 with 11 vertices -the minimum number of vertices required.
Introduction and Main Theorem
By a theorem of Kühnel [Kü1] any triangulation of S 2 × S 2 must have at least 10 vertices and any triangulation with only 10 vertices must be 3-neighborly, i. e. any 3-tuple of vertices spans a 2-simplex of the triangulation. By a computer-aided enumeration Kühnel and the first author [K-L] proved that there does not exist a 3-neighborly triangulation of a 4-manifold with 10 vertices, hence any triangulation of S 2 × S 2 requires 11 vertices or more. Up to now no triangulation of S 2 × S 2 with only 11 vertices has been published (cf. however Remark 4.2), but the second author has found in [Sp1] a highly-symmetric 12-vertex-triangulation of S 2 × S 2 . In this paper we present a classification of all centrally-symmetric 12-vertex-triangulations of S 2 × S 2 with a cyclic symmetry. We will establish that one of the triangulations of this classification is combinatorially equivalent to the one found in [Sp1] . In order to state this main result we need the notion of combinatorial manifolds as follows: In the sequel the vertices of all examples will be denoted by i with 0 i 9, a for the 11th and b for the 12th vertex. If the permutation ζ := (0, 1, . . . , 9, a, b) is an automorphism of the triangulation we regard, we talk about ζ as a cyclic symmetry generating the cyclic group C 12 . Using the usual notation f i (M ) (or simply f i if there is no danger of confusion) for the number of i-faces of a combinatorial manifold M , χ(M ) for its Euler-characteristic and the above definition we are now able to state our 
, and their automorphism groups Aut(M i ) are as follows:
where ⋊ denotes the semidirect product and C k the cyclic group of order k.
Before proving this result in Section 2, we will now describe several interesting properties that are common to all M i : The f -vector of M i is uniquely determined by the Dehn-Sommerville equations [Kü2] for triangulated 4-manifolds 2f 1 − 3f 2 + 4f 3 − 5f 4 = 0 = 2f 3 − 5f 4 to be 12, 60, 160, 180, 72) .
The cyclic symmetry immediately implies that the automorphism group of M i is transitive on its vertices. This proves that the vertex links of all vertices are combinatorially equivalent.
The cyclic symmetry also yields in connection with the condition that 06 is a diagonal of M i , that M i has at least 6 pairwise disjoint diagonals. Hence M i can be embedded in the 6-dimensional cross-polytope C *
for i = 0, 1, 2 any such embedding is 2-Hamiltonian, i. e. contains the 2-skeleton of C conclude that all M i satisfy the assumptions of the following Lower Bound Theorem. Moreover they are examples for the case of equality in the inequality, hence they prove that the inequality is sharp:
is the set of all faces of P of dimension at most k, and let M be a subcomplex of the boundary complex C(∂P ) of P . Then the following statements hold: 
holds with equality if and only if M can be embedded in C * m such that this embedding contains the 2-skeleton of C * m .
For the proof of the Main Theorem we are going to describe explicitly in the next section the triangulations M i . From the lists given there it becomes obvious that they are all centrally-symmetric. In Section 3 we state further properties of the M i . Finally in Section 4 we conclude with another interesting 12-vertex triangulation found while proving our result and we make some remarks concerned with 11-vertex triangulations of S 2 × S 2 .
Proof of the Main Theorem
SUNI, a computer program written by the first author and described in detail in [L1] , is used for determining all possible candidates for 4-manifolds that satisfy several conditions. For instance all candidates found by SUNI are cyclic and satisfy the Dehn-Sommerville equations. Additionally a combinatorial test checks if the Euler-charateristic of all edge-links equals 2. In the case of our additional assumptions -in particular 06 has to be a diagonal -the program delivers three possible candidates:
(1) 1 1 1 1 8 2 2 3 2 3 1 1 2 1 7 1 4 3 2 2 1 1 3 5 2 1 3 1 3 4 (2) 1 1 1 1 8 2 2 3 2 3 1 1 2 1 7 1 4 3 2 2 1 1 3 5 2 1 3 1 4 3 (3) 1 1 1 1 8 2 2 3 2 3 1 1 2 5 3 1 1 3 5 2 1 1 3 4 3 1 2 1 4 4
The notation (y 1 , . . . , y d ) (or shorter y 1 . . . y d ) denotes a difference d-cycle, that generates a C n -orbit of d-simplices as follows:
In the case of Theorem 1.2 we have d = 5 and n = f 0 = 12. Let us denote candidate (i) by M i and for the sake of brevity let us omit the symbols " " and " " in the list of its simplices, then the complete list of 4-simplices of, for example, M 1 is given by 01234  02479  01245  0158a  0125a  01458  12345  1358a  12356  1269b  1236b  12569  23456  2469b  23467  237a0  23470  2367a  34567  357a0  34578  348b1  34581  3478b  45678  468b1  45689  45902  45692  45890  56789  57902  5679a  56a13  567a3  569a1  6789a  68a13  678ab  67b24  678b4  67ab2  789ab  79b24  789b0  78035  78905  78b03  89ab0  8a035  89a01  89146  89a16  89014  9ab01  9b146  9ab12  9a257  9ab27  9a125  ab012  a0257  ab023  ab368  ab038  ab236  b0123 b1368 b0134 b0479 b0149 b0347
The simplices of the other candidates can be calculated analogously from the difference-5-cycles. Obviously the M i contain all edges except the diagonals j(j + 6) , where j as well as j + 6 are regarded mod 12. This is consistent with the theoretical value f 1 (M i ) = 60. All candidates are centrally-symmetric as a 1 , . . . , a j ∈ M i implies b 1 , . . . , b j ∈ M i where b l = a l + 6 mod 12, 1 l j.
It turns out that M 2 is combinatorially equivalent to the example M found in [Sp1, Theorem 3.1] . The images of the vertices of M (in the notation used in [Sp1] ) of a required bijection φ : M → M 2 are as follows:
Unfortunately, the group A 5 × C 2 discussed in [Sp1] is not the full automorphism group of M but only a subgroup of index 2 of it. The group given here is its full automorphism group.
For proving the Main Theorem it suffices to show the following Lemmata. The first two lemmata establish the classification and are therefore the most important part of the proof of 1.2. In the third lemma we calculate the automorphism groups.
Lemma 2.1.
there are three mutually combinatorial inequivalent triangulations.
Proof of Lemma 2.1. The links of all edges of M 2 are subdivided octahedra as sketched in figure 1. For the other M i this is not the case. Therefore M 2 ∼ M v for v ∈ {1, 3}. In the link lk(k, M i ) of each edge k of M i every vertex is adjacent to j other vertices where 3 j 6. The number of vertices with j adjacent vertices in lk(k, M i ) is denoted by val(j) and (6)) is called the valence-vector of lk(k, M i ). As the links of all vertices are combinatorially equivalent, it can only hold M i1 ∼ M i2 , if for all 1 j 1 5 there exists a j 2 with 1 j 1 5 such that
(1, 3, 3, 1) for j = 1 (2, 0, 6, 0) for j = 2 (2, 2, 2, 2) for j = 3 (1, 4, 1, 2) for j = 4 (1, 3, 3, 1) for j = 5
Proof of Lemma 2.2. As we have shown the statement for M 2 already in [Sp1] (up to combinatorial equivalence, cf. page 4) and as the proofs for M 1 and M 3 are similar, but not completely analogous to the one given in [Sp1] we will present here a proof only for M 3 .
As Aut(M 3 ) operates transitively on the vertices if suffices to show that the link lk(0) of vertex 0 is a triangulated S 3 . To do this we have to establish:
(i) The link of each vertex of lk (0), i. e. the link of each edge containing vertex 0 , is a triangulated 2-sphere. Because of automorphism ζ we only have to check this for the vertices i with 1 i 5. Here we can sketch the triangulations in the same way as shown in Figure 1 and we get 2-spheres with the valence vector we have calculated in the preceding lemma.
(ii) lk(0) is a triangulated 3-sphere. To show this we split up the vertex set of lk(0) into two disjoint subset and regard their span:
A := span(1, 2, 3, 4, 7) and B := span(5, 8, 9, a, b).
A and B each consist of two tetrahedra and are therefore collapsible. Hence A and B are 3-balls (cf. [R-S]). Cluing these balls together proves that the underlying complex of lk(0) is homeomorphic to S 3 .
It remains to determine the topological type of |M 3 |. Let Then α 1 ∼ ∂C * 3 and α 2 ∼ ∆ 3 . It turns out that α 1 together with α 2 generate the second homology group H 2 (M 3 , Z) and that the intersection form of M 3 equals the intersection form of S 2 × S 2 , namely
This is an even form and by Freedman's Theorem [Fr] there exists exactly one simply-connected, closed, topological 4-manifold representing that form. Hence |M 3 | must be homeomorphic to S 2 × S 2 . (To get for instance the intersection number α 1 · α 2 regard N 1 := span(0, 1, 3, 5) and N 2 := span(0, 2, 4, 6, 7, 8, 9, a, b). we get two disjoint cycles that must be unknotted and linked in lk(0). Consequently α 1 · α 2 = ±1 and with an appropriate orientation we get the intersection number stated above.) To prove that |M 3 | is even P L-homeomorphic to S 2 × S 2 we can mimic the prove given in [Sp1] that essentially uses that there is only one 3-ball bundle over S 2 with the intersection form of S 2 × S 2 . This proof does not use Freedman's Theorem but we still need to calculate the intersection form.
Proof of Lemma 2.3. We use a simple GAP-program 1 written by the second author. This program explicitly calculates all bijections between the vertex-links of two candidates. The order of Aut(lk(0, M i )) is 2 for i = 1 and 4 for i = 3. The automorphisms of these cases are id, α = (1, 5)(2, a)(4, 8)(7, b) for i = 1 and id, β 1 = (1, b)(2, a)(3, 9)(4, 8)(5, 7), β 2 = (1, 7)(3, 9)(5, b), β 3 = (1, 5)(2, a)(4, 8)(7, b) for i = 3.
For i = 2 we get 20 automorphisms. In all cases it is easy to show
, where A (2,2) denotes the Kleinian group. (Note that Aut(lk(0, M 2 )) is transitive on the vertices of lk(0, M 2 ) because (2, a, b, 9, 7)(1, 8, 4, 5, 3) ∈ Aut(lk(0, M 2 )) ∋ (1, a, 8, 9)(2, 3, 7, 4)(5, b).
By the cyclic symmetry Aut(M 2 ) acts therefore transitively on the edges of M 2 . This is not the case for i = 1 and i = 3.) The transitivity of Aut(M i ) on the vertices leads to
Denote by A · B the complex product of two groups A and B.
Analogously it can be shown Aut(
It remains to discuss the automorphism group of M 2 . A 5 × C 2 is a subgroup of Aut(M 2 ) as already seen in [Sp1] . This subgroup is generated by the permutations (0, 7, 3, 4, 2)(1, 9, a, 8, 6), (0, 6)(1, 7)(2, 8)(3, 9)(4, a)(5, b) and (0, 6)(1, 9)(2, 5)(3, 7)(4, a)(8, b).
(Here we had to rename the vertices according to the bijection φ stated above.) Additionally ζ is a (cyclic) automorphism operating on M 2 . According to GAP the order of the group generated by these four permutations is 240 and therefore by (1) it must be the full automorphism group. A closer examination shows Aut(M 2 ) ∼ = A 5 ⋊ C 4 . For the center of this group we get Z(Aut(M 2 )) ∼ = C 2 and its system of normal subgroups can be seen in the next figure. id Furthermore it holds Aut(M 2 )/Z(Aut(M 2 )) ∼ = S 5 , but S 5 is not a subgroup of Aut(M 2 ).
Note that Lemma 2.3 immediately yields
Remark 2.4. The program SUNI has found the following three other candidates:
(4) 1 1 1 1 8 2 2 3 2 3 1 2 2 3 4 1 1 7 1 2 1 1 2 5 3 1 3 1 3 4 (5) 1 1 1 1 8 2 2 3 2 3 1 2 2 3 4 1 1 7 1 2 1 1 2 5 3 1 3 1 4 3 (6) 1 1 2 1 7 1 4 3 2 2 1 2 2 3 4 1 1 7 1 2 1 1 2 5 3 1 1 3 5 2 13b , 79b , 259 , 27b , 579 ,  135 , 23b , 129 , 357 , 19b , 237 . Therefore f 0 (lk( 04 )) = 7, f 1 (lk( 04 )) = 18, f 2 (lk( 04 )) = 12 and χ(lk( 04 )) = 1. Hence M 6 is not even an Eulerian 4-manifold, i. e. χ(lk(∆ k )) = 1 − (−1)
k is not satisfied for all k-simplices of M 6 . But lk( 04 ) is a pinched 2-sphere and therefore a 2-manifold with one singularity as can be seen from Figure 3. In this section we describe further properties of the examples M i . We begin with a simple observation.
The span of the "even" vertices as well as the span of the "odd" vertices of all M i is a subcomplex of the octahedron, i. e. the 3-cross-polytope. This holds because e. g. span(0, 2, 4, 6, 8, a) contains no k-simplex with k 3. (Otherwise there would be a 3-simplex in span(0, 2, 4, 6, 8, a) containing a diagonal as an edge.) The f -vector of the M i implies, that in span(0, 2, 4, 6, 8, a) all 2-simplices without one of the diagonals 06 , 28 and 4a are contained. Therefore we get that span(0, 2, 4, 6, 8, a) equals the boundary complex of C * 3 . Analogously we get the same result for the odd vertices. This not only holds for the even and odd vertices, but for all subsets S of the vertex set with |S| = 6, such that 3 diagonals are contained in the regarded subset.
Another interesting subset is the cylinder C consisting of the triangles 024 , 246 , 468 , 68a , 8a0 and 0a2 .
This cylinder is invariant under automorphism ζ 2 . Together with the triangles 048 and 26a , whose boundaries form the boundary of C, we get span (0, 2, 4, 6, 8, a) . Likewise there is a cylinder in span (1, 3, 5, 7, 9, b) . Now let us regard lk(0) of example M 2 . The vertices of this link can be subdivided into two subsets S 21 and S 22 with each 5 elements, such that the span of both subsets form Möbius strips in lk(0) (cf. [Sp1] ). As all vertex links are combinatorally equivalent, the same holds for any vertex link. It is easy to show that the required subdivision is unique: Because any 5-vertex Möbius strip must be neighborly, no two elements of S 21 may form a diagonal of M 2 . Suppose without loss of generality 1 ∈ S 21 . Then 7 ∈ S 22 and there remain 8 · 6 · 4 · 2 = 384 possibilities to check. In [Sp1] we used these Möbius strips to compute the intersection numbers. In this case however it was not necessary that we got Möbius strips, but that the Möbius strips were linked and unknotted. So although there is no subdivision of any vertex link of either M 1 or M 3 , that also produces disjoint Möbius strips, the proof still carries over to the cases M 1 and M 3 . Nonetheless the existence of disjoint Möbius strips stills "shows" that example M 2 is the most symmetric one.
Inequality (1) gives an upper bound on |Aut(M i )|. We will derive now a lower bound. For this we use the notion of multipliers.
Definition 3.1. Let the vertices of a simplical complex K be numbered by 0, . . . ,
Recall the following simple facts:
(i) If a is a multiplier of K, then gcd(a, k) = 1.
(ii) If (0, . . . , k − 1) is an automorphism of K and if K has l different multipliers, then |Aut(K)| l · k.
From (i) we know that the only possible multipliers of our triangulations are 1, 5, 7 and 11. M 1 and M 2 have multipliers 1 and 5, whereas under the maps µ 7 and µ 11 the image of M 1 is M 2 and vice versa. M 3 has all multipliers. Hence by (ii)
Together with (1) we conclude |Aut(M i )| = 24 for i = 1 48 for i = 3 .
Further 12-and 11-vertex triangulations
In the next remark we describe another interesting simplical complex found by SUNI. 1 1 1 3 6 1 4 2 3 2 1 2 3 2 4 1 1 1 6 3 1 1 3 3 4 1 3 1 5 2 1 2 5 1 3 1 1 4 3 3
and we get for the f -vector (f 1 , . . . , f 4 ) = (12, 66, 204, 240, 96) 
